Abstract. In this paper, we provide uniform estimates for V-cycle algorithms with one smoothing on each level. This theory is based on some elliptic regularity but does not require a smoother interaction hypothesis (sometimes referred to as a strengthened Cauchy Schwarz inequality) assumed in other theories. Thus, it is a natural extension of the full regularity V-cycle estimates provided by Braess and Hackbush in 2].
Introduction.
In this paper, we provide some new convergence estimates for multigrid algorithms. In recent years, there have been many advances in the understanding of multigrid algorithms (e.g., see Two apparently di erent analytical approaches have been developed. Historically, the rst used a two level error recurrence and proceeded to develop estimates for the multilevel case by repeated application (cf. 1], 12]). The second approach expands the ne grid error in a product which re ects the e ect of every coarser grid 6]. This approach has been e ectively applied even without the use of explicit regularity assumptions for the underlying di erential equation.
As far as we know, the veri cation of the hypotheses for the rst approach mentioned above requires the use of regularity properties for the underlying partial di erential equation. The simplest example is that of a second order elliptic operator L on a domain in R n with Dirichlet boundary conditions. Let u be the solution of (1.1) Lu = f in ; u = 0 on @ : 2. The multigrid algorithms. In this section, following 3], we describe the symmetric multigrid algorithms.
We mention some basic recurrence relations which play major roles in the analysis of the methods and are proved elsewhere. For convenience, the algorithms are developed in an abstract Hilbert space setting. The results most naturally apply to nite element multigrid algorithms but can also be applied to certain formulations of nite di erence multigrid algorithms. These applications are To introduce smoothing into the multigrid algorithms, we shall use \generic" smoothing operators R k : M k 7 ! M k , for k = 2; : : : ; j. Examples of these operators in standard applications are given in 4]. The properties which they satisfy will be discussed in the subsequent analysis. We set R 1 = A ?1 1 , i.e., we solve on the coarsest space. In addition, we set R t k to be the adjoint of R k with respect to the inner product ( ; ).
The simplest symmetric V-cycle multigrid operator B k : M k 7 ! M k is de ned as follows. Here, T k = R t k A k P k which is the adjoint of T k with respect to the inner product A( ; ). Identity (2.3) depends upon the assumption that the subspaces are imbedded and that one form is used to de ne the operators on all levels (see (2.2)). Equality (2.3) holds on the space M j . The purpose of this paper is to provide estimates for the multigrid contraction number, i.e., estimates for the quantity satisfying the inequality (2. 
Multigrid analysis
We prove the main theorem of the paper in this section. Uniform convergence estimates for the multigrid V-cycle algorithm will be shown to hold provided that a number of abstract conditions are satis ed. Let k denote the largest eigenvalue of the operator A k and for any real s, let k k s denote the norm on M j de ned by The rst condition above is a natural assumption which is often satis ed provided that A( ; ) and ( ; ) are suitably scaled. In many applications, the operator A k gives rise to a scale of norms on M k which are uniformly equivalent to a scale of Sobolev norms. Thus, (3.1) often follows from results concerning boundedness of the projector Q k with respect to appropriate Sobolev norms. Note that if (3.1) holds for = 0, then it follows for 2 (0; 1) by interpolation. Inequality The rst uniform convergence estimates for the V-cycle algorithm were due to 2] and held only in the case of = 1, i.e., if full regularity and approximation or, equivalently, the \approximation property" of 12] was satis ed.
Alternatively, uniform convergence estimates have been obtained for the multigrid V-cycle algorithm under additional assumptions concerning the interaction of the multilevel spaces (see, Theorem 3.2 and (3.5) of 5]). This interaction
property is sometimes referred to as a strengthened Cauchy Schwarz inequality. Our theorem below shows that uniform estimates for the V-cycle algorithm hold with less than full regularity without any additional assumptions concerning the interaction of the approximation spaces. Thus, it provides a generalization to the result of 2] to the case of < 1.
The nal assumptions which we shall impose are on the smoothing operator and are typical. Let K k = I ? R k A k and K k = (I ? R t k A k ). For k = 2; : : : ; j, we assume that R k satis es (R.1) There is a constant C R 1 which does not depend on k such that the smoothing procedure satis es We can now state and prove the theorem for estimating in (2.4). for all u 2 M j :
Proof. Let u be in M j . By the de nition of k and (C.2), It is easy to see that (P l ? P l?1 ) is a projector and hence (C.2) implies that We used (C.1) and the arithmetic geometric mean inequality to derive the last inequality above. Summing over m and subsequently changing the order of summation gives For the rst sum of (3. Consequently, using (C.1),
Summing and applying Lemma 3.1 gives Remark 3.1. We considered the case of one smoothing in Algorithm 2.1 since it is the most interesting algorithm. Uniform convergence rates for algorithms involving more smoothings easily follow from the above analysis (see 6]) but do not guarantee any improvement in convergence over the case of one smoothing. Similar estimates hold in the case of algorithms with more than one correction step, e.g., the W-cycle algorithm.
Remark 3.2. The above techniques easily extend to provide uniform estimates in the case of locally re ned meshs as developed for the second order application in 7]. Rather than try to extend the abstract formalism of this section, we will restrict our discussion to the local mesh re nement application of 7]. The assumptions (C.1) and (C.2) are only required to hold for the larger spaces M k (and analogous operators A k , Q k , and P k ) de ned by uniform re nement on the entire domain. Note that the analogous version of Lemma 3.1 holds on these larger spaces. Smoothing subspacesM k are de ned to be the functions in M k with support in the k'th re nement region (as in 7]). The k'th multigrid space is de ned to be the sum of the smoothing subspaces up to k. In the local re nement application, R k : M k 7 !M k and is such that R k = R kQk whereQ k denotes the ( ; ) projector ontoM k . One replaces Q k in ( 
